Abstract. Rosengren found an explicit formula for a certain weighted enumeration of lozenge tilings of a hexagon with an arbitrary triangular hole. He pointed out that a certain ratio corresponding to two such regions has a nice product formula. In this paper, we generalize this to hexagons with arbitrary collinear holes. It turns out that, by using same approach, we can also generalize Ciucu's work on the number and the number of centrally symmetric tilings of a hexagon with a fern removed from its center. This proves a recent conjecture of Ciucu.
Introduction
Enumeration of lozenge tilings of a region on a triangular lattice has been studied for many decades. In particular, people are interested in regions whose number of lozenge tilings is expressed as a simple product formula. One such region is a hexagonal region with a triangular hole in the center. Many works have been done on this topic by Ciucu [2] , Ciucu et al. [6] , and Okada and Krattenthaler [10] . Later, Rosengren [11] found a formula for a weighted enumeration of lozenge tilings of a hexagon with an arbitrary triangular hole. He pointed out that the ratio between numbers of lozenge tilings of two such regions whose holes have symmetric position with respect to the center has a nice product formula. In this paper, we give a conceptual explanation of the symmetry, which enables us to generalize the result to hexagons with arbitrary collinear triangular holes. In his paper, Ciucu [3] defined a new structure, called a fern, which is an arbitrary string of triangles of alternating orientations that touch at corners and are lined up along a common axis. He considered a hexagon with a fern removed from its center and proved that the ratio of the number of lozenge tilings of two such regions is given by a simple prodcut formula. Later, Ciucu [5] also proved that the same kind of ratio for centrally symmetric lozenge tilings also has a simple product formula. In particular, he pointed out that for hexagons with a fern removed from the center, the ratio of centrally symmetric lozenge tilings is the square root of the ratio of the total number of tilings. Ciucu also conjectured in [5] (See also [4] ) that this square root phenomenon holds more generally, when any finite number of collinear ferns are removed in a centrally symmetric way. In this current paper, we prove Ciucu's conjecture, and we extend it further.
Statement of Main Results
Any hexagon on a triangular lattice has a property that difference between two parallel sides is equal for all 3 pairs. Thus, we can assume that the side lengths of the hexagon are a, b+k, c, a+k, b, c+k in clockwise order, where a is a length of a top side. Also, without loss of generality, we can assume that k is non-negative and a southeastern side of a hexagon (=c) is longer than or equal to a side length of a southwestern side (=b). Note that this hexagonal region has k more up-pointing unit-triangles than down-pointing unit-triangles. Since every lozenge consists of one up-pointing unit-triangle and one down-pointing unit-triangle, to be completely tiled by lozenges, we have to remove k more up-pointing unit-triangles than down-pointing unit-triangles from the hexagon. There are many ways to do that, but let's consider a following case. Let's call a set of triangles on a triangular lattice is collinear or lined up if horizontal side of all triangles are on a same line. Now, let's consider any horizontal line passing through the hexagon. Suppose the line is l -th horizontal line from bottom side of the hexagon. Note that the length of the horizontal line depends on the size of l : Let's denote the length of the line by L(l). Then we have L(l) = a + k − l + min(b, l) + min(c, l).
For any subsets X = {x 1 , ..., x m+k } and Y = {y 1 , ..., y m } of [L(l)] := {1, 2, ..., L(l)}, let H k,l a,b,c (X : Y ) be the region obtained from the hexagon of side length a, b + k, c, a + k, b, c + k in clockwise order from top by removing up-pointing unit-triangles whose labels of horizontal sides form a set X = {x 1 , x 2 , ..., x m+k }, and down-pointing unit-triangles whose labels of horizontal sides form a set Y = {y 1 , y 2 , ..., y m } on the l -th horizontal line from the bottom, where labeling on the horizontal line is 1, 2, ..., L(l) from left to right. Let's call the horizontal line as a baseline of removed triangles. Similarly, let H k,l a,b,c (X : Y ) be a same kind of region, except that labeling on the horizontal line is 1, 2, ..., L(l) from right to left. Also, for any region R on a triangular lattice, let M(R) be a number of lozenge tilings of the region. First theorem expresses a ratio of numbers of lozenge tilings of two such region as a simple product formula. where the hyperfactorial H (n) is defined by
To state next results, we need to recall a result of Cohn, Larsen and Propp [8] , which is a lozenge tilings interpretation of a classical result of Gelfand and Tsetlin [9] . Recall that ∆(S) := s 1 <s 2 ,s 1 ,s 2 ∈S (s 2 − s 1 ) and ∆(S, T ) := s∈S,t∈T |t − s| for any finite sets S and T. Proposition 2.2. For any non-negative integers m, n and any subset S = {s 1 , s 2 , ..., s n } ⊂ [m + n] := {1, 2, ..., m + n}, let T m,n (S) be the region on a triangular lattice obtained from the trapezoid of side lengths m, n, m + n, n clockwise from the top by removing the up-pointing unit-triangles whose bottoms sides are labeled by elements of a set S = {s 1 , s 2 , ..., s n }, where bottom side of the trapezoid is labeled by 1, 2, ..., m + n from left to right. Then
For any finite subset of integers S = {s 1 , s 2 , ..., s n }, where elements are written in increasing order, let T (S) be a region obtained by translating a region T sn−(s 1 −1)−n,n (s 1 −(s 1 −1), s 2 −(s 1 −1), ..., s n −(s 1 −1)) by (s 1 −1) units to the right and s(S) := M (T (S)) = ∆(S) H(n) . A region on a triangular lattice is called balanced if it contains same number of up-pointing unit-triangles and down-pointing unit-triangles. Geometrically, T (S) is the balanced region that can be obtained from a trapezoid of bottom length (s n − s 1 + 1) by deleting up-pointing unit-triangles whose labels are s 1 , s 2 ,..., s n on bottom, where bottom line is labeled by s 1 , (s 1 + 1),..., (s n − 1), s n (See Figure 2. 2). In his paper, Ciucu [3] defined a new structure, called a fern, which is an arbitrary string of triangles of alternating orientations that touch at corners and are lined up. For non-negative integers a 1 ,...,a k , a fern F (a 1 , ..., a k ) is a string of k lattice triangles lined up along a horizontal lattice line, touching at their vertices, alternately oriented up and down and having sizes a 1 ,...,a k from left to right (with the leftmost oriented up). We call the horizontal lattice line as a baseline of the fern. Now, let's give additional structure to fern by adding buds (triangles) on the baseline, and we will call this new structure as a budded fern. To label this new structure, we remove all unit-triangles from the budded fern, excepts unit-triangles whose horizontal side is on the baseline. We call it as a baseline representation of the budded fern. Then we count numbers of consecutive up-pointing unit-triangles, down-pointing unit-triangles and vertical unit-lozenges on the baseline. When we count these numbers, uppointing (or down-pointing) unit-triangle which is contained in a vertical unit-lozenge is not considered as an up-pointing (or down-pointing) unittriangle. If an up-pointing unit-triangle and a down-pointing unit-triangle are adjacent, we think as if there are 0 vertical lozenges between them. Now, we line up these numbers from left to right, and put -to numbers that represent numbers of down-pointing unit-triangles. Then, by allowing a k 1 = 0 and a k r k = 0, we get a sequence of integers a k
, where a k i represent a (signed) number of consecutive up-pointing (or down-pointing) unit-triangles, and w k i represent a number of consecutive vertical unit-lozenges. Let A k represents a sequence (a k 1 , a k 2 , , ..., a k r k ) and W k represents a sequence (w k 1 , w k 2 , , ..., w k r k −1 ). Then we denote the original budded fern as F (A k : W k ), and its baseline representation as F br (A k : W k ). Let L k i be a leftmost vertex of a k i consecutive triangles, and R k i be a rightmost 
From this budded fern, we will construct a corresponding budded bowtie as follows. From a baseline representation of the budded fern, we move up-pointing unittriangles to left, and down-pointing unit-triangles to right along the baseline, fixing vertical lozenges. Then we call a right vertex of a right-most uppoiting unit-triangle which is not a part of a vertical lozenge as a turning point of a new structure and denote it by T k . Then we put vertical lozenges between consecutive up-pointing (or down-pointing) unit-triangles as much as possible. Then we get a bowtie (possibly a slipped bowtie) with some triangles attached. We call this as a budded bowtie and denote it and its baseline representation by B(A k : W k ) and B br (A k : W k ), respectively. Also, let u k be a smallest positive integer such that
.., m t , m t+1 ) be a region obtained from the hexagon of side length a, b + k, c, a + k, b, c + k in clockwise order from top by removing budded ferns F (A 1 : W 1 ), ..., F (A n : W n ) on a l-th horizontal line from the bottom so that a distance between a leftmost vertex on the horizontal line and a leftmost vertex of F (A 1 : W 1 ) is m 1 , a distance between a rightmost vertex on the horizontal line and a rightmost vertex of F (A t : W t ) is m t+1 , and a distance between two adjacent budded ferns F (A i :
. From the region, we label the l-th horizontal line from the bottom by 1,2,...,L(l) from left to right. Let X 1 be a set of labels whose corresponding segment is a side of an up-pointing unit-triangular hole, but not a side of an down-pointing unit-triangular hole. Similarly, let X 2 be a set of labels of segments whose corresponding segment is a side of an down-pointing unit-triangular hole, but not a side of an up-pointing unittriangular hole and W be a set of label of segments whose corresponding segment is a side of both up-pointing and down-pointing unit-triangular holes.
Similarly 
For any point and a line on the triangular lattice, let distance between a point and a line be a shortest length of a path from the point to the extension of the line along lattice. Especially, for any lattice point E in a hexagon, let d N W (E) be a distance between the point E and a northwestern side of the hexagon. Similarly, we can define d SW (E), d N E (E) and d SE (E) to be distances between a point E and a southwestern side, northeastern side and southeastern side of the hexagon, respectively. Next theorem expresses a ratio of numbers of lozenge tilings of the two regions as a simple product formula.
Theorem 2.3. Let a, b, c, k, l, m 1 , ..., m t+1 be any non-negative integers and 
Now, let's consider a case when a region 
Proof of the main results
A region on a triangular lattice is called balanced if it contains same number of up-pointing and down-pointing unit-triangles. Let's recall a useful result which is implicit in work of Ciucu [1] (See also Ciucu and Lai [7] ).
Lemma 3.1. (Region-splitting Lemma). Let R be a balanced region on a triangular lattice. Assume that a subregion S of R satisfies the following two conditions: (1) (Seperating Condition) There is only one type of unit-triangle (either up-pointing or down-pointing) running along each side of the border between S and R − S (2) (Balancing Condition) S is balanced. Then
To prove theorems in this paper, we need to simplify expressions that involves ∆. For this purpose, let's recall a property of ∆:
Let X = {x + 1, x + 2 , ..., x + m} and Y = {y + 1, y + 2, ..., y + n} be two sets of consecutive integers such that x + m < y + 1. Then
The crucial idea of this paper is the following: Each of our three main results involves the ratio of the number of tilings of two regions. For each of these two regions, we partition the set of lozenge tilings of each region according to the positions of the vertical lozenges that are bisectecd by the baseline. The partition classes obtained for the numerator and denominator are naturally paired up. Then, using Proposition 2.2. and Lemma 3.1., we verify that the ratio of the number of tilings in the corresponding partition classes does not depend on the choice of partition class (i.e. it is the same for all classes of the partition).
Proof of Theorem 2.1. Let's first consider a case when b < l ≤ c. From any lozenge tiling of H k,l a,b,c (X : Y ), we will generate a pair of lozenge tiling of two trapezoidal regions with some dent on top (or bottom). If we focus on lozenges below the baseline, then the lozenges form a pentagonal region that has b down-pointing unit-triangle dents on top. Among b dents, m of them are from the region H 
be a set of labels of bases of remaining (b − m) dents, and 
is just a product of number of lozenge tilings of two pentagonal regions with unittriangular dents on top (or bottom). However, numbers of lozenge tilings of two pentagonal region is same as number of lozenge tilings of regions T (B ∪ Z ∪ Y ) and T (Z ∪ X ∪ C), respectively. Thus, we have
A lozenge tiling of H k,b+c−l a,b,c (x 1 , x 2 , ..., x m+k : y 1 , y 2 , ..., y m ) can be also analyzed in a similar way and we can express a number of lozenge tiling of it as follows:
where the sum is taken over
However, for any (
Note that this ratio does not depend on a choice of a set Z. Hence, by combining (3.3), (3,4) and (3.5), we have 
If we sum over 
By same observation, we can represent a number of lozenge tiling of a hexagon H
(X : Y ) as follows:
Now, we observe a ratio
Note that this ratio does not depend on a choice of a set Z. Hence, by combining (3.8), (3.9) and (3.10), we have
The case when c < l ≤ b + c can be proved similarly as we did for the case when l ≤ b. Hence, the theorem has been proved. 
.., m t , m t+1 ) by removing (b − n − w) unitlozenges that are bisected by segments on l-th horizontal line whose labels are elements of a set Z = {z 1 , z 2 , ..., z b−n−w }. Then, by same argument as we used in proof of Theorem 2.1., we have (3.13)
where B = {−|b−l|+1, ..., −1, 0} and W 1 ) , ..., F br (A t : W t ) : m 1 , ..., m t+1 ) as follows:
Similarly, a number of lozenge tilings of H
.., m t+1 ) can be expressed as follow:
Now, let's observe a ratio
In above simplification, we use a fact that 
However, by (3.2), we have
and (3.20)
Hence, by (3.18), (3.19 ) and (3.20), we have (3.21)
Again, by (3.2), we have
Hence, by (3.22), (3.23) and (3.24), we have
Thus, by (3.17), (3.21) and (3.25),
Now, let's consider a case when l ≤ b.
. By same argument, the ratio can be expressed as follows:
where B = {−|b−l|+1, ..., −1, 0} and C = {L(l)+1, L(l)+2, ..., L(l)+|c−l|}. However, we know that
Also, we have
However, by (3.2), we have The case when c < l can be proved similarly as we did for the case when l ≤ b. Hence, the Theorem 2 has been proved. Crucial observation is that a centrally symmetric lozenge tiling of the region is uniquely determined by lozenges below (or above) the horizontal line (See Figure 3.4) .
Hence, by combining this observation and same argument that we have used in the proof of previous theorems, we have 
